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PNT

• Not exactly “Research” 
• Not exactly “Teaching” 
• Hopefully eventually will be 

done in a good enough way to 
go into Mathlib; not currently

+
• Started 1/31/24

• PNT proved 4/8/24



PNT
• PNT+ co-organized with Terry Tao 
• Goal: Fermat will need Chebotarev Density Theorem. Special case of 

that is Dirichlet’s theorem (primes in progressions). Didn’t even have 
Prime Number Theorem in Mathlib. So let’s get to work!

• Note: PNT has been formalized before, many times in fact. 
• 2005: Avigad et al in Isabelle (Erdos-Selberg method);  
• 2009: Harrison in HOL-light (Newman’s proof);  
• 2016: Carniero in Metamath (Erdos-Selberg);  
• 2018: Eberl-Paulson in Isabelle (Newman) 
• We will want to do in it a way that extends to much more general 

settings.
• Organizational infrastructure: Github + Blueprint + Zulip



PNT
• Organizational infrastructure: Github + Blueprint + Zulip

• Original project comprised three attacks: 
• (Weak) using “Fourier” methods, Wiener-Ikehara Tauberian theorem. 

Work of Michael Stoll already reduced PNT to this. (Done!) 
• (Medium) developing Mellin transform API (David Loeffler), pulling 

infinite vertical contours past poles, picking up residues. And 
• (Strong) Getting a “classical” error savings of  using 

Hadamard factorization (or local versions) 
exp(c(log x)1/2)

• Meanwhile, Shuhao Song+Bowen Yao formalized (Strong) in Isabelle! 
• Posted mid-March ’24 (?); paper says formalization took one month 
• Built on top of much bigger Complex Analysis library…



PNT
• These were all a great excuse to get more analysis into Mathlib 
• We didn’t have Fourier inversion (now we do, Sebastian Gouzel) 
• We didn’t have that Fourier transform of Schwartz function is 

Schwartz, now we do (Gouzel + K-Loeffler-Macbeth + Beffara) 

• We were also missing one of the least developed late undergrad /
early grad areas of Mathlib (needed for lots of analytic number 
theory), namely: Complex Analysis

• Big Idea: Can do all the Complex Analysis we need just using Rectangles! 
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• We have Green’s Theorem in Mathlib (Yury Kudryashov), so the 

integral of a holomorphic function over a rectangle is zero. 
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• How to find such a g? Riemann removable singularity theorem!

PNT z
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• Let’s do some Number Theory!
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Λ(n) = {log p if n = pk

0 else

ψ(x) := ∑
n≤x

Λ(n)PNT
|ψ(x) − x | ≪ x exp(−c(log x)1/10), x → ∞

Zeta function:
ζ(s) = ∏
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(1 − 1
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−1

, ℜ(s) > 1

Log-deriv:
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ζ
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Λ(n)
ns



Λ(n) = {log p if n = pk

0 else
ψ(x) := ∑
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Λ(n)PNT

Idea: “Perron formula”
ζ′ 

ζ
(s) = ∑
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Λ(n)
nsFor ,σ > 0

Here .∫(σ)
= ∫

σ+i∞

σ−i∞
dt Issues with convergence!… (Later)

1
2πi ∫(σ)

y−s

s
ds = 1(y) := {1 if 0 < y < 1,

0 else.
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0 else
ψ(x) := ∑

n≤x
Λ(n)PNT

Idea: “Perron formula”
ζ′ 

ζ
(s) = ∑

n

Λ(n)
nsFor ,σ > 0

So: ψ(x) := ∑
n≤x

Λ(n) = ∑
n

Λ(n) 1(n/x)

1
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y−s

s
ds = 1(y) := {1 if 0 < y < 1,

0 else.
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Λ(n) = {log p if n = pk

0 else
ψ(x) := ∑

n≤x
Λ(n)PNT

ζ′ 

ζ
(s) = ∑

n

Λ(n)
ns= 1

2πi ∫(σ)

ζ′ 

ζ
(s) xs

s
dsψ(x)

None of this is OK, no absolute convergence. Nevermind!

Need σ > 1

Now, zeta has meromorphic continuation

ζ(s) := πs/2

Γ(s/2) [∫
∞

1 (2
∞

∑
n=1

e−πn2u2)(us + u1−s) du
u
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s ]
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0 else
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= 1
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ζ′ 

ζ
(s) xs

s
dsψ (x)So we can “pull contours”

Fact:  is meromorphic on tall thin rectangle: ζ′ /ζ 1 − A
(log T )9 < σ

And good bounds there (K-Sedlacek)
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Near ,  blows up, so need to move aways = 1 ζ′ /ζ

And then you need to estimate the resulting integrals.

How to make this all rigorous?
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Let ψϵ(x) := 1
2πi ∫(σ)

ζ′ 

ζ
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s
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n
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Cost: |ψϵ(x) − ψ(x) | ≪ ϵ x log x (Preston Tranbarger)

Benefit: . So all integral exchanges are kosher| ν̃(ϵs) | ≪ 1/(ϵ |s | )

Let’s see how to coordinate everything over Zulip/Blueprint!


